Abstract. We construct two families of tight wavelet frames in L 2 (R 2 ) associated to the quincunx matrix. The first family has five generators and the second has only three. The generators have compact support, any given degree of regularity, and any fixed number of vanishing moments. Our construction is made in Fourier space and involves some refinable functions, the Oblique Extension Principle, and a slight generalization of a theorem of Lai and Stöckler. The refinable functions we use are constructed from the Daubechies low pass filters and are compactly supported. The main difference between these two families is that while the refinable functions associated to the five generators in the first family have symmetries, the refinable function used to construct the three generators in the second family do not.
Introduction
For the quincunx matrix, we construct two families of tight wavelet frames in L 2 (R 2 ) with five and three generators respectively, with compact support, any given degree of regularity and any fixed number of vanishing moments. The main difference between these two families is that while the refinable functions associated to the five generators in the first family have symmetries, the refinable function used to construct the three generators in the second family do not.
We now introduce the notation and definitions that we shall use in what follows. The sets of non negative integers, strictly positive integers, integers, rational numbers and real numbers will be denoted by N 0 , N, Z, Q and R respectively.
Given a matrix M , its transpose will be denoted by M T and the conjugate of its transpose will be denoted by M * . The n × n identity matrix will be denoted by I n×n . We say that A ∈ R d×d , d ≥ 1, is a dilation matrix preserving the lattice f (x)e −2πix·t dx, where x · t denotes the dot product of vectors x and t. The Fourier transform is extended to L 2 (R d ) in the usual way. A sequence {φ n } ∞ n=1 of elements in a separable Hilbert space H is a frame for H if there exist constants C 1 , C 2 > 0 ( called frame bounds) such that
where ·, · denotes the inner product on H. A frame is tight if we may choose
is called a wavelet frame or framelet with dilation A, if the system
is said to be refinable if it satisfies the following refinement equation
where the convergence is in L 2 (R d ) and
Taking the Fourier transform, we obtain (2) φ(A * t) = H(t) φ(t) a.e. on R n where
is a function in L 2 (T n ). In [12] , San Antolín and Zalik developed a method to generate wavelet frames using the Oblique Extension Principle (see eg. [6] ), and a slight generalization of a theorem of Lai and Stöckler [9] . This method was used in [13] to construct, for a 2 × 2 expansive dilation matrix with integer entries and determinant ±2, families of compactly supported tight framelets with three generators and with any desired degree of smoothness. The same method was used in [14] to construct compactly supported tight framelets having the following additional properties: both the framelets and the refinable functions that generate them can be made as smooth as desired. Moreover, these refinable functions are nonseparable, in the sense that they cannot be expressed as the product of two functions defined on lower dimensions.
In this paper we will use the same method to construct smooth compactly supported tight wavelet frames and refinable functions with good approximation properties in L 2 (R 2 ), associated to either of the following two dilation matrices:
In the next section we will construct a family of tight wavelet frames associated to the dilation matrix R in (3) with five compactly supported generators, with any desired degree of smoothness and vanishing moments. Similar results hold for the dilation matrix B. Section 3 is devoted to the construction of another family of tight wavelet frames that has only three generators.
Main Result
For our construction we will use the following trigonometric polynomials in R.
where c n = ( It is easy to see that the set
is a full collection of representatives of the cosets of Z 2 /RZ 2 , and that
is a full collection of representatives of the cosets of R −1 Z 2 /Z 2 . In the remainder of this article t will stand for (t 1 , t 2 ) ∈ R 2 . With this convention the matrix M(t), defined in [12, Theorem 1] or [13, Theorem B] with A = R, is
We need the following technical lemma:
Proof. Since (R T ) −1 = (1/2)R, and R represents a clockwise rotation by π/4 multiplied by √ 2, it will suffice to prove the assertion for the first eight natural numbers. We have:
.
Since g n is even, this implies that
We now construct a family of smooth compactly supported refinable functions in L 2 (R 2 ) with dilation matrix R. For n ∈ N, let the trigonometric polynomials P (t) in R 2 be defined by
where g n is defined in (4) . From [15, Lemma 4.8] we know that P (0) = 1, that
and that the equality holds only if t ∈ Z 2 ∪ Z 2 + (1/2, 1/2) . We have Proposition 1. Let n ∈ N and let P (t) be defined by (8) . Then the infinite product
and satisfies the refinement equation
Proof. We only need to prove the symmetries of φ, since the other statements follow from (9) 
where 1 , 2 = ±1. Finally, applying (10) and using again the hypothesis that g n is even, we obtain φ(t 1 , t 2 ) = φ(t 2 , t 1 ).
We now prove Proposition 2. Let n ∈ N and let the function φ ∈ L 2 (R 2 ) be defined as in
whose Fourier transform is φ is non null, compactly supported, φ L2(R 2 ) ≤ 1 and has the symmetries φ(x 1 , x 2 ) = φ(x 2 , x 1 ) and φ( 1 x 1 , 2 x 2 ) = φ(x 1 , x 2 ), where i = ±1, i = 1, 2. Moreover, let C n > 0, β < 1 and N be constants such that
holds for |t| > 1 and n ≥ N . If (1 − β)n − 2 > r ≥ 0, and n ≥ N , then φ is in continuity class C r .
Proof. First of all, observe that the existence of the constants C n > 0, β < 1 and
Since φ is in L 2 (R 2 ) and is non null, it follows that also φ is in L 2 (R 2 ) and is
Replicating an argument of Wojtaszczyk [15, p. 79] it is easy to see that φ is compactly supported on R 2 .
The symmetry properties of φ follow from the symmetry properties of φ in Proposition 1.
It remains to prove the estimates for the degree of smoothness of φ. By (10) and bearing in mind that 0 ≤ g n (t) ≤ 1, we have
Since φ is continuous and φ(0) = 1,
Once we have the trigonometric polynomial P defined by (8) and a refinable function φ as in Proposition 2, we may apply the algorithm described in [12, Theorem 1] or [13, Theorem B] to construct a family of tight framelets Ψ associated to the dilation matrix R. All that remains is to find trigonometric polynomials P (A T t) such that the identity (12) in [12] (or (4) in [13] ) holds when A = R. For n ∈ N, let u n , v n and w n be trigonometric polynomials on R such that (12) |u n (t)
To see that these polynomials exist note that, for example, 
except for a countable set of points where the equality holds. We need:
Lemma 2. Let n ∈ N, P (t) be defined by (8), let u n (t), v n (t) and w n (t) be trigonometric polynomials that satisfy (12) and (13) respectively. Moreover, let the trigonometric polynomials L 0 (t) and L 1 (t) be defined by (14)
where r 1 is defined in (6). If
Proof. We have:
We are now ready to state our main result.
Theorem 1.
Let n ∈ N and P (t) be defined by (8) and let P(t) := (P (t), P (t + r 1 )) T , and let
Let the trigonometric polynomials L 0 (t) and L 1 (t) be defined by
and let the trigonometric polynomials P j (R T t), j = 1, 2, 3, be defined as in Lemma 2. Let matrix function G(t) be defined by
and
Let K(t) denote the first 2 × 5 block matrix of Q(t),
Q(t) := M(t)K(t),
and let [Q 1 (t), . . . , Q 5 (t)] denote the first row of Q(t).
Let φ be the function defined in Proposition 2,
and let Ψ = {ψ (t) ; = 1, . . . , 5}
be the set of inverse Fourier transforms of the functions ψ (t) defined by (15) . Then Ψ is a tight framelet in L 2 (R 2 ) with dilation R and frame constant equal to 1, and the functions ψ are square-integrable on R 2 and have compact support. In addition, Ψ has vanishing moments of order n. Moreover, let the constants C n > 0, β < 1 and N be such that the inequality (11) holds for |t| > 1 and n ≥ N . Then if (1 − β)n − 2 > r ≥ 0 and n ≥ N , the functions ψ , = 1, . . . , 5 are in continuity class C r .
Proof. That Ψ is a tight framelet follows from Lemma 2, [13, Theorem B] the Oblique Extension Principle. Since φ has compact support and the functions Q are trigonometric polynomials, it follows that the functions in Ψ are compactly supported.
The smoothness follows from Proposition 2.
We now verify that Ψ has vanishing moments of order n. For ∈ {1, · · · , 5}, using the identity (6) in [13] with S(t) = 1, and the fact that 0 ≤ φ(t) ≤ 1, we have
Hence, ψ has a zero of order n at the origin.
Another construction
In this section we will construct tight wavelet frames associated to the dilation matrix R defined in (3) with three smooth compactly supported generators. In this construction we use only three generators instead of the five in the previous construction, but the refinable functions we will use have no symmetries. Since the arguments in this section are similar to those used in the previous section, some details will be skipped. We note that the main result in this section is not valid for the dilation matrix B.
We now construct a family of smooth compactly supported refinable functions in L 2 (R 2 ) with dilation matrix R. The following proposition is similar to Proposition 1. The proof is obtained proceeding as in the proof [1, Theorem 1] (see also [7, Lemma 2.1]), and will be omitted.
Proposition 3. Let n ∈ N, let g n (t) be defined by (4), and let P be the trigonometric polynomial in R 2 defined by
Then the infinite product
We also have Proposition 4. Let n ∈ N and let the function φ ∈ L 2 (R 2 ) be defined as in Proposition 3. Then the function φ ∈ L 2 (R 2 ) whose Fourier transform is φ is non null and compactly supported, and φ L2(R 2 ) ≤ 1. Moreover, let C n > 0, β < 1 and N be constants such that the inequality (11) holds for |t| > 1 and n ≥ N . If (1 − β)n − 2 > r ≥ 0, and n ≥ N , then φ is in continuity class C r .
Proof. As in Proposition 2, we only need to prove the estimates for the degree of smoothness of φ. By (10) and bearing in mind that 0 ≤ g n (t) ≤ 1, we have
Thus, if |t 1 |, |t 2 | > 1 and n ≥ N , from (11) we obtain
For n ∈ N let h n be trigonometric polynomials on R such that
2 )). We are now ready to state the main result of this section.
Theorem 2. Let n ∈ N, let P (t) and h(t) be defined by (16) and (17) respectively, and let the trigonometric polynomial P 1 (t) in R 2 be defined by P 1 (R T t) := h n (t 1 ). Let the trigonometric polynomials Q 1 (t), Q 2 (t), and Q 3 (t) be defined by
2 ) , and Q 3 (t) := − P 1 (R T t)g n (2t 1 )g n (t 1 ). Let φ be the function defined in Proposition 4,
and let Ψ = {ψ (t) ; = 1, 2, 3}
be the set of inverse Fourier transforms of the functions ψ (t) defined by (18). Then Ψ is a tight framelet in L 2 (R 2 ) with dilation R and frame constant equal to 1, and the functions ψ are square-integrable on R 2 and have compact support. In addition, Ψ has vanishing moments of order n. Moreover, let the constants C n > 0, β < 1 and N be such that the inequality (11) holds for |t| > 1 and n ≥ N . Then, if (1 − β)n − 2 > r ≥ 0 and n ≥ N , the functions ψ , = 1, 2, 3 are in continuity class C r .
Proof. Referring to (6) and noting that, since 
This allows us to apply the algorithm described in [12, Theorem 1] or [13, Theorem B] to obtain
Thus, that Ψ is a tight framelet with frame constant 1 follows from [13, Theorem B] and the Oblique Extension Principle. Since φ has compactly support and the functions Q are trigonometric polynomials, it follows that the functions in Ψ are compactly supported.
The smoothness follows from Proposition 4. We now verify that Ψ has vanishing moments of order n. For ∈ {1, 2, 3}, using the identity (6) in [13] with S(t) = 1, and the inequalities 0 ≤ | φ(t)| ≤ 1 and (1 + P (t 1 , t 2 ))(1 − P (t 1 , t 2 )) (t 1 , t 2 ) 2n ≤ 2 lim Hence, ψ has a zero of order n at the origin.
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